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Abstract 

Appreciating the classical understanding of the elementary particle the "dynam- 
ical" Poincare algebra is developed. It is shown that the "dynamical" Poincare alge- 
bra and the equations of motion of particles with arbitrary spin are gauge invariant 
and that gauge invariance and relativistic invariance stand on equal footings. A "dy- 
namical" non-minimal interaction is constructed explicitly and the Rarita-Schwinger 
equation is considered in the framework of this "dynamical" interaction. 
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1 Introduction 



Understanding the higher-spin interactions^ is a longstanding problem. However, in spite 
of its 70 years history, the main goal - the construction of a consistent higher-spin theory, 
even for the electromagnetic interaction, which ought to be the simpliest case - has not 
been achieved yet. 

The investigations of higher-spin fields started in the thirties of the last century with 
papers by Dirac [2] , Wigner [3] , Fierz and Pauli [4] and followed by the works of Rarita and 
Schwinger [5], Bargmann and Wigner [6], and others [3, El M, El EED, CGI EE] . The difficulties 
in higher spin physics revealed themselves when one tried to couple higher-spin fields to an 
electromagnetic field. In the 1960ies concrete defects of the higher-spin interaction theory 
were found. Johnson and Sudarshan jll] and Schwinger [15] demonstrated that in the 
case of minimal electromagnetic coupling some of the anticommutation relations become 
indefinite. It appeared that the defects were also present on the classical level. Velo and 
Zwanziger [16] and Shamaly and Capri [17] showed that in an external electromagnetic field 
there appeared acausal (superluminal) modes of propagation^ Afterwards other defects 
- bad high-energy behaviour of the amplitudes, various algebraic problems etc. - were 
found. Since the sixties of the last century much work was done to solve the problems, 
but no result which one can call a breakthrough has been obtained in the framework of 
ordinary field theory. In case of higher-spin electromagnetic interactions investigations of 
the last two decades have moved in two directions. One part of community developes the 
theory on the ground of the minimal electromagnetic coupling, the other part searches for 
a consistent theory by using non-minimal couplings. 

The theory of higher spin interactions has never belonged to the "mainstream" theories. 
The field has been cultivated by groups of enthusiasts. On the other hand, the theory of 
higher spin interactions is needed for solving many mainstream problems. It is related 
to the Standard Model (SM) in several ways. By introducing the massive spin-one gauge 
bosons into the theory one also introduces the higher-spins problems into the Standard 
Model. Difficulties appear for instance in scattering processes with the charged gauge 
bosons W in the initial or final state, or in constructing three-vertex gauge boson self- 
interactions. A consistent higher-spin interaction theory is also needed in chromodynamics. 
Quantum Chromodynamics (QCD) does not yet allow to describe low-energy hadronic 
processes in terms of underlying quark-gluon dynamics. Due to this one has to use a more 

1 In this paper states with spin one and higher are considered as higher-spin states. This concept is 
not universally accepted. For a part of the investigators "higher spin" means s > 3/2. The specialists in 
supergravity updated the convention of the higher spin to be even s > 5/2 pQ. Nevertheless, at least in the 
Standard Model the troubles start already from the value 8=1. Therefore it seems that the convention 
s > 1 as the higher-spin region is more justified than the other ones. 

2 Earnestly, as shown by Cox [IS] the constraint analysis leading to these acausal pathologies is incom- 
plete. On the contrary, in the complete constraint analysis a new tier of constraints occurs for the critical 
external field values, reducing the pathology to the field-induced change of the degrees of freedom. Because 
of these field-dependent constraints the analysis of acausal models is very complicated. 
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phenomenological approach in terms of hadronic fields. However, one of the basic problems 
here is the treatment of hadrons with higher spins [19] . 

To understand better the problems of modern theories beyond the SM one also needs a 
better understanding of ordinary higher-spin field theory. String theory for instance is free 
of many higher-spin problems and due to this it is believed that it can consistently describe 
quantum gravity. A reason behind this consistent behaviour is that string theories contain 
an infinite tower of all spin states. But at the same time there exist serious troubles in 
the physical interpretation of the string theories. The existence of a consistent higher-spin 
interaction theory would help to understand better the physics behind the string theory. 
It is believed that if a breakthrough in understanding the basic problems of the ordinary 
higher-spin field theory would happen, it might become a fashionable topic [21J. 

1.1 Problems of higher-spin interactions 

The search for a consistent higher-spin interaction theory has been faced with various dif- 
ficulties. The theory of the relativistic wave equations is based on the representations of 
the Poincare group which in the field theory are somewhat specific in their mathematical 
realization. In addition, the theory of higher-spin fields is altogether rather complicated 
and due to this the wave functions and Lagrangians proposed have not always been cor- 
rect. Therefore, it is difficult to understand whether the problems are of technical kind 
or pertained to the principles. As a matter of fact, the difficulties in higher-spin physics 
are generic to all field theoretical descriptions of relativistic higher-spin particles. The 
difficulties are related to the fact that covariant higher-spin field has more components 
than it is necessary to describe the spin degrees of freedom of the physical particle. To 
get rid of redundant degrees of freedom one must set up constraints between the field 
components. Using the language of Lagrangians, one have to construct a free Lagrangian 
which in addition to the Dirac and Proca type higher-spin equations would yield also con- 
straint equations that reduce the number of degrees of freedom to the physical values. The 
problem is related to the introduction of interactions. If the interactions are introduced 
consistently with the free field theory, the number of independent field components remains 
unchanged. Otherwise the free theory constraints may be violated and unphysical degrees 
of freedom become involved. 

In order to put constraints on the field components it is reasonable to use the symmetry 
framework. To reduce the number of degrees of freedom of the free field to a physical 
value certain symmetries have to be imposed in formulating the action. Any higher-spin 
action has to be invariant under a transformation which leaves only the physical value 
of 2s + 1 degrees of freedom. Because of this, the interacting theory has to obey similar 
symmetry requirements as the corresponding free theory or, even better, preserves the 
gauge symmetries of the free theory. The possibility to construct consistent higher-spin 
theories with gauge invariant couplings was first pointed out by Weinberg and Witten [20] . 
However, the realization of this scenario is beset with difficulties. Even though certain 



3 



progress in understanding of a higher-spin interaction theory have been made [2TI [22] , up 
to now no general prescription for the construction of a consistent higher-spin field theory 
for any spin has been found. 

1.2 "Dynamical" representation of the Poincare algebra 

In this paper we used a higher-spin electromagnetic interaction theory developed by our- 
selves, based on the "dynamical" representation of the Poincare algebra as a dynamical 
principle which leads to a non-minimal coupling. The "dynamical" representations are 
built up by introducing a plane electromagnetic field into the free Poincare algebra. The 
representations are constructed from the generators of the free Poincare algebra and the 
external field in such a way that the new, field-dependent generators obey the commuta- 
tion relations of free Poincare algebra. Introducing the interactions in this way preserves 
the Poincare symmetry of the free theory and, hopefully, also the number of degrees of 
freedom of the free theory. The "dynamical" theory had achieved success in constructing 
causal spin-3/2 equations [23] and for justifying the value of gyromagnetic ratio g = 2 for 
any spin [24] . 

The paper is organized as follows. In Section 2 we give an introduction to the Lorentz- 
Poincare connection. In Section 3 we show how the Poincare group 7-1,3 can help to describe 
physical states. In Section 4 we show that an external field can be introduced consistently 
by employing a nonsingular transformation. Using this, in Section 5 we explicitly construct 
the "dynamical" interaction. Finally, in Section 6 we treat the Rarita-Schwinger equation 
in the framework of a "dynamical" interaction. 

2 The Poincare group 

Relativistic field theories are based on the invariance under the Poincare group V\$ (known 
also as inhomogeneous Lorentz group XL [31 [251 I2S1 [271 12S 1211 [331 EH [35]) This group is 
obtained by combining Lorentz transformations A and space-time translations ax, 

(a, A) = a T A : E 1)3 A V + a M . (1) 

The group's composition law (ai, Ai)(a 2 , A 2 ) = {a\ + Aia 2 , A X A 2 ) generates the semidirect 
structure of Vi,3, 

Vt,3 = Ti >3 £ 

where 7^ 3 is the abelian group of space-time translations (i.e. the additive group R 4 ) and 
C = {A : det A = +1,A° > 1} is the proper orthochronous Lorentz group acting on the 
Minkowski space with metric 

rjfo, = diag(l, -1, -1, -1). 
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The condition of the metric to be invariant under Lorentz transformations A takes the 
form 

A" P ^A% = Tip,. (2) 



2.1 Transformation of covariant functions 

Under the Lorentz transformation A G C the covariant functions ift transform according to 
a representation r(A) of the Lorentz group 0EHIDlinilI21II3ll25ll2Sll23l2Hll2S] where 
the diagram 

ip : x G Ei 3 — ► ip(x) 
r(A)i I A |T(A) 
r(A)V>: Ax — ► (t(A)VO(Ax) = T(A)^(x) 

is commutative, i.e. 

T(A)^(x) = (r(A)^)(Ax) = V'(x'). (3) 

The map T : A — > T(A) is a finite-dimensional representation of £. If we parametrize the 
element A G C by A(c<j) = exp f — ^oo^e^) where the Lorentz generators are given by 

and uj^ u = —u UfJ- are six independent parameters, the parametrization of T reads 

T(A(w)) = exp(-iw^O- 

The Lorentz group £ is non-compact. As a consequence, all unitary representations are 
infinite dimensional. In order to avoid this, we introduce the concept of if-unitarity (see 
e.g. Ref. [29] and references therein). A finite representation T is called if-unitary if there 
exists a non-singular hermitian matrix H = W so that 

T\A)H = HT~\A) & s\ v H = H Silv . (4) 

Notice that a i7-unitary metric is always indefinite, so that the inner product ( , ) generated 
by H is sesquilinear sharing the hermiticity condition (ip,tp) = ((p,ip)*. The most famous 
case of iY-unitarity is given in the Dirac theory of spin- 1/2 particles where H = 7 . 

2.2 Transformation of operators 

The transformation r(A) in Eq. (j3J) is a covariant transformation for the operator O [3~TH3"2"] 
acting on the V'-space of covariant functional if the diagramm 

3 We have to impose the action on covariant functions because in case of higher spins the relations 
between operators we obtain are valid only as weak conditions. 
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Oip : x — ► {Oip){x) 
t(A) I I A | T(A) 

r(A)(OV) : Ax -> (r(A)(Cty)) (Ax) = T(A)(Oi/j)(x) 

is commutative, i.e. 

(r(A)C)(Ax)(r(A)^)(Ax) = T{A)0{x)^{x). (5) 
Using Eq. (j3J) we obtain 

(r(A)C)(Ax)T(A)^(x) = T(A)C(x)^(x). 

Notice that the covariance of the transformation embodies only the property of equivalence 
of reference systems. The covariant operator O is invariant under the transformation ([3]) 
if in addition t(A)0 = O. As a consequence we obtain 

0(Ax)T(A)ip(x) = T(A)0(x)i{>(x) (6) 

or 0(Ax)T(A) = T(A)0(x) on the ^-space. The invariance means the symmetry of the 
physical system and implies the conservation of currents. In particular, the symmetry 
transformations leave the equations of motion form- invariant. 



2.3 The Lie algebra 

While the Lorentz transformation T(A) changes the wave function ip itself as well as the 
argument of this function (cf. Eq. Q), the proper Lorentz transformation r(A) causes a 
change of the wave function only. On the ground of infinitesimal transformations, this 
change is performed by the substancial variation. Starting from an arbitrary infinitesimal 
coordinate transformation A(Su) : x^ — > x^ + 5u fJ-u x u , the substancial variation is given by 
Ref. [ID] 

where M pa = £ pa + s pa , £ pa = i(x p d a — x a d p ). The corresponding finite proper Lorentz 
transformation can be written as 

r(AH)=exp(-\vM^, 

and the multiplicative structure of the group generates the adjoint action 

Ad r(A) : M pv - r-\A)M pv r{A) = A/A/M p(T . (7) 

Due to Eq. (TJJ the generators s pa fulfill H = Hs pa . They depend on the spin of the 
field but not on the coordinates x p . Therefore, we have [l ilVl s pa ] =0. If a generic element 
of the translation group is written as 

exp(+za M P M ), 
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the commutator relations of the Lie algebra are given by 

[Mfv, M pa ] = i{rj^M vp + rjvpM^ - ri pp M va - rj^M^), 
[M^,P P ] = ifopPn-riupPu), 
[P»P V ] = 0. (8) 
The Casimir operators of the algebra are P 2 = and W 2 = W^W^ where 

W = +\^ pu M up P a 

is the Pauli-Lubanski pseudovector, [P p , W u ] = 0. In coordinate representation we have 
P p = id p , and the finite Poincare transformation has the form 

r(a, A) : ip(x) -> (r(a, A)ip) (x) = T(A)ip (A.-\x - a)) . (9) 

This relation constitutes the Lorentz-Poincare connection [34J. While the representation T 
generally generates a reducible representation of "Pi,3, the spectra of the Casimir operators 
P 2 and W 2 determine the mass and spin content of the system. 

3 Physical states 

The natural identification of elementary particle systems is the direct geometric transition 
from space-time to the system under consideration. In fact, the very definition and charac- 
terization of distinct species of elementary particles are provided by the set of inequivalent 
irreducible projective unitary representations of the space-time symmetry group V\^, the 
Poincare group. The physical limitations of this identification are found in the description 
of interacting systems and in the description of internal quantum numbers in composite 
systems. Space-time symmetry alone does not account for all the characteristics of today's 
elementary particles. 

According to the conventional understanding of the particle, its physical states of def- 
inite mass and spin, labelled by the moment p M and the helicity A, arise from the irre- 
ducible representation of this symmetry group. The irreducible unitary representations of 
the Poincare group are characterized by the eigenvalues of the two Casimir operators P 2 
and W 2 of the Lie algebra pi^, 

P 2 \m, s) = m 2 \m, s) , W 2 \m, s) = — m 2 s(s + l)\m, s). (10) 

The Pauli-Lubanski pseudovector W has the properties 

WPp = 0, 

\W",P U ] = 0, 
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[W, M pa ] 



i{TfW a -rf a W p ), 



[W p , w v \ 



-ie^ pc W p P a , 

--M^M^P 2 + (M^P p )(M^P a ). 



W 2 



(11) 



The independent components of W p form the Lie algebra of the little group of fixed mo- 
mentum p p . For every irreducible unitary representation of the little group one can derive 
a corresponding irreducible induced representation of the Poincare group labeled by (m, s), 
i.e. by the eigenvalues of the Casimir operators in Eq. ( flOl) . Notice that the procedure of 
deriving induced representations [291 [36] corresponds very well to the physical idea of first 
determining the internal degrees of freedom (the helicity) of the system and then all its 
possible states of motion. 

As a matter of fact, all physical variables (like position, momentum, etc.), quantum 
wave functions and fields transform as finite-dimensional representations of the Lorentz 
group. The reason is that interactions between fundamental particles (as irreducible rep- 
resentations of the Poincare group) are most conveniently formulated in terms of field 
operators (i.e., finite-dimensional representations of the Lorentz group) if the general re- 
quirements like covariance, causality, etc. are to be incorporated in a consistent way. The re- 
lation between these two groups and their representations is given by the Lorentz- Poincare 
connection [34]. 

As a rule this connection is realized by the relativistic wave equations. If the relativistic 
wave equation transforms as a finite-dimensional representation of the Lorentz group by 
Eq. ([3]), it contains spins exceeding the desired physical spins. In order that the solutions of 
the field equation correspond to a particle with a definite spin, the equation must act like a 
projection operator to pick out the desired spin components, i.e. to select the corresponding 
irreducible representation of the Poincare group. 

3.1 The wave function 

The wave functions we will consider have the form 



where ip is an iV-component function, (3 P (// = 0,1,2,3), and p are N x N matrices 
independent of x. Following Bhabha's conception [TJ, it is "... logical to assume that 
the fundamental equations of the elementary particles must be first-order equations of the 
form f)12p and that all properties of the particles must be derivable from these without the 
use of any further subsidiary conditions." 

The principle of relativity states that a change of the reference frame cannot have 
implications for the motion of the system. This means that Eq. (fT2|) is invariant under 
Lorentz transformations. Equivalently, the Lorentz symmetry of the system means the 




(12) 
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covariance and form-invariance of Eq. (fl2l) under the transformation in Eq. ([3]), i.e. the 
transformed wave equation is equivalent to the old one. Therefore, we require that every 
solution ijj'(x') of the transformed equation 

V\x'^',&) =0 

can be obtained as Lorentz transformation of the solution ip(x) of Eq. ( Ti~2l in the original 
system and that the solutions in the original and transformed systems are in one-to-one 
correspondence. The explicit form of the covariance follows from Eq. ([5]), 

(r(A)D)(Ax, t(A)V, Ad) = V\x\ d') = T{A)V{x, d) = 0. (13) 

Due to the linearity in tp one may write 

V(x,tJ),d) = V(d)ip(x) = 

to obtain the explicit Lorentz transformations 

pi? = A^ p T{A)f3 p T- 1 {A), 
p' = T(A)pT-\A). 

The Lorentz invariance is given by the substitution 

V(d)ip(x) = V(d)iP'(x) = 0. 

or 

T- 1 (A)/3 fl T(A) = A%p p , T-\A) P T(A) = p. 

The difference of the original and transformed wave equation is given by the wave equation 
where the wave function ip is replaced by the substantial variation 5qi/j, T>(x, 8qi/j, d) = 0. 
As a consequence we obtain [D, M pa ] = or 

[fin, s pa ] = i(r] pp (3 a - ifp p \ [p, s pa ] = 0. (14) 

An excellent discussion of such matrices (3 can be found in Refs. [37J Ul M EH1 [381 139] . 
The hermiticity of the representation T in Eq. (J3J) implies the hermiticity of Eq. (1121) . 
Including a still unspecified hermitian matrix H the hermiticity condition reads T>[d)^H = 
(V(d)Hy = -HV(-8) or 

p>*H = H(3 P , pH = Hp. (15) 
Writing %p = ift'H, one obains the adjoint equation 

$T>(-d) = ^(-(3% + ip) = -(HV(d)0 = 0. (16) 
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3.2 Conserved currents 



The physical meaning of hermiticity is the particle-antiparticle symmetry and the conserva- 
tion laws in elementary particle processes. The technique of Takahashi and Umezawa [ID] 
for deriving conservation laws directly from equations is based upon the differential oper- 
ator Tn(d) with r„] = and 

0, + d„)r»(d) = V0) - V{-d). (17) 

Since the general form of a linear differential equation can be written as 

N 

with the coefficients (3^...^ symmetric in all indices for j > 1, the operators become 

^(d) =(3, + ^ V V - &) + ^ vp v d" - &&> + d"d p ) + ... (18) 

Thanks to identity (JTTJ) one can derive a general current continuity equation caused by a 
continuous infinitesimal transformation 

x — > x' = x + 5x, ip — ► ip' = ip + Sip. (19) 

If we find two functions Fl[x) and Fr[x] of ip and Sip and their derivatives with 

F L V0)F R - F L V(-d)F R = (20) 

with Q 7^ FlT^Fr, the current 

J, = FlT^Fr - (21) 

is conserved, 

= 0. (22) 

Notice that this algebraic technique is very useful in the application to the case of inter- 
acting fields and discrete symmetries. 

4 Introduction of an external field 

The identification of elementary particle systems and irreducible representations of the 
Poincare group find its physical limitations in the description of interacting systems and 
internal quantum numbers of composite systems. Since gauge symmetry is a fundamental 
concept in Quantum Electrodynamics, all physical quantities and dynamical equations of 
particles have to be gauge invariant. However, if gauge invariance is realized by minimal 
coupling, Poincare invariance is broken at least for the theory of higher-spin fields (s > 1). 



10 



The deficits occur both on the classical level (acausality and algebraic inconsistency) as 
well as on the quantum level (indefiniteness of antimutation relations). A lot of work has 
been done to solve these problems. 

If the problem is investigated by group theoretical methods of space-time symmetries 
of interacting systems, symmetries of interacting systems lead to the general covariance 
group in case of a charged particle moving in an external electromagnetic field. As a 
consequence, the group theoretical definition of an elementary particle can be extended 
to the case where an external field is present. Even though the Poincare group is not a 
subgroup of the general covariance group [3H HI] , this point of view is of help to solve the 
problem. 

4.1 A nonsingular transformation 

It may be reasonable to introduce an external field directly into the Poincare algebra 
which can be applied to classically understand the elementary particle. To do so one has 
to transform the generators of the Poincare group to be dependent on the external field in 
such a way that the new, field-dependent generators obey the commutation relations (|HJ). 
As it was proposed by Chakrabarti [12] and Beers and Nickle [13], the simplest way to 
build such a field dependent algebra is to introduce the external field by a nonsingular 
transformation 

V : Pi, 3 -> vU = Vpi.sV- 1 = p li3 + [V^aJV- 1 . 
More explicitely, the transformed operators 

TP = pA» + [V, J P'*]V" 1 , 

^ = + [V,^]V-\ 

a*™ = s^ + [V,sHV-\ 

fjT = ^Ii u - + (23) 

must satisfy the commutation relations of the Poincare algebra. The concept of Lorentz 
covariance raises the requirement that the operator V has to be of Lorentz type for the 
generator s^, i.e. 

Vs^y- 1 = VpV^s^ (24) 

which is a local extension of Eq. ([7]). V = V(x,A) is the local Lorentz transformation 
depending on the external field A and obeying 

v^v^ = v pl y a » = Vp a- (25) 

If such a local Lorentz transformation exists, the problem is solved. Therefore, in the fol- 
lowing we make the attempt to find explicit realizations of the local Lorentz transformation 



11 



Vfj, u . There is no way to construct the Lorentz transformation V^ v in general. However, as 
first shown by Taub [33], in the case of a plane- wave field we obtain 

V^i/ = Vfif ~ i — (h/i-Ai, — k u A^) — 2 A k il k v (26) 

Kp ' ZKp 

where q is the electric charge of the particle. The plane wave is characterized by its lightlike 
propagation vector k 2 = 0, and it polarization vector such that 

a 2 = -1, ka = 0. (27) 

The operator kp = k^P^ commutes with any other and has a special role in the theory. 
For particles with nonzero mass one has k^P^ ^ 0. Therefore, for the plane wave the 
inverse operator 1/kp is well-defined for the plane- wave solution tpp of the Klein-Gordon 
equation. In all other cases, 1/kp is assumed to exist. 

We write A^) = a^/(0 where the variable £ = k^ can be used in place of the 
proper time. From Eq. (12 7p one obtains the conditions 

= *V^p = M M '(0 = 0, k^ = (28) 
where we used A' (£) = gL4 m (£) / 'd^, while the field 

F, u = d,A u - cU„ = feX(0 - hA'p® = F^(0 

satisfies 

d,F^ = k^(0 = 0, 
F^F% = -k,k p (A\i)f . (29) 

It turns out that Eq. (|26|) can be written as 



^ (-£ G t (30) 



where G^ v = k^A u — k u A p . Note that the exponential series truncates after the second 
order term. In addition one obtains 

v v 

K p 

V^k = V up k = k^, 

(J Q 2 

[■PfiiVpo] = k^Fpu — (AA )k fM k p k (T . (31) 

Kp Kp 

From the second equation in ( 13T|) one concludes that V pv is an element of the (local) 
little group of the propagation vector k^. It is easy and interesting to see that 

generates a gauge transformation on A^, 

V^A" = A I1 + d.XviO, A v (0 = -jL fdi'A 2 {Oi (32) 

k P J t 
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and that the field is invariant under this gauge transformation, 

V* p V v a F pa = F^. (33) 

Therefore, the local Lorentz transformation V is a symmetry. Notice that the local Lorentz 
transformation (1261) has been rederived many times [^5l H6j H7] and widely exploited often 
in the context of its physical implications. In particular, at the classical level the solutions 
of the Lorentz form equation can be expressed in terms of these local transformations (1261) . 
Therefore, in the plane-wave case plays the role of an evolution operator. 

According to the line of thought presented by the relations (12^1) and (|25|) . the realization 
of (|2"T|) can be achieved by the singular transformation 



v = V V S 



with 



Collecting the results obtained, the generators of the interacting Poincare algebra have 
the form 



\k t 
q ( q 



IT M = P, + k^(qA 2 -2AP-f), 



^ kp\2k P 
+ Vfipi^v^-a ~ k a Ay) — T\ V p{k jli A a — k a Ap) + 

— j— {k^Av — k v Ap)kpA^js pa , (35) 
^ = Xp-^-[xp ) Jdi{qA 2 -2AP)-(j; 

where f = F^s^ and = G flu s fJ,u . The transformed first Casimir operator II 2 reads 

IT 2 = D 2 - qf (36) 
where = P^ — qA^. The explicit form of the transformed Pauli-Lubanski vector is 

fl M = - {rT {i~ p AW + G*) - £f»G*} s aP P° + 

+ ~^^ P Xrf a (V ~ Y GPP ) Sal3 ~ 2AP ~ (3?) 
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which yields the transformed second Casimir operator 
VI 2 = ~\s 2 D 2 + s° a s a3 D a DP + ^qs 2 f + 



2 

q {k a s a °?)s aP + s^(k aS ar7 r )> d 13 + -^-{k a s aa r){^s P(T f) + 



~ W P {kafSap)D " ~ ^^O(*Vf0- (38) 

4.2 Gauge symmetry of the interacting Poincare algebra 

It is now due time to study the gauge symmetry of the interacting Poincare algebra pf 3 . 
As a consequence of the explicit form (1341) the associated transformation of the evolution 
operator V(A) under the local gauge transformation 

4*(O-4*(O + M A(O (39) 

becomes 

V(A) -> V(A + <9A) = e~ iqX V{A). (40) 
On substituting these relations into the interaction algebra one arrives at 

PU A ) - PU A + 5A ) = e- i9 M l3 (^)e i9A (41) 
In particular, one obtains 

U^A + dX) = U^A)-k^qX', 

U 2 {A + dX) = U 2 {A) -2qk P X'. (42) 

It has to be mentioned that the evolution operator V(A) may be chosen to be if-unitary 
according to the representation T in Eq. (j3J), i.e. 

V\A)H = HV-\A). 



5 The "dynamical" interaction 

We have shown that in the case of a particular external electromagnetic field A there 
exists an evolution operator V(A) which transforms the free Poincare algebra px,3 m to the 
interacting algebra pf 3 (A), called the "dynamical" representation. By analogy with the 
free particle case one can realize this representation on the solution space of relativistically 
invariant equations. Expressing for the "dynamical" representation of the equation the 
operators explicitly in terms of free-field operators, one obtains "dynamical" interactions. 
Applying for instance the operator V to Eq. (1121) one obtains 

V(A) : (P^ - m)ij(x) = -> (ILJ^ - m)V(x, A) = (43) 
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where T» = V{A)f3^V- l {A) and 

V(x,A)=V(A)i/;(x). (44) 

The transformed matrices r M satisfy the requirement of relativistic invariance with respect 
to the "dynamical" representation, 

[r M , a p <j\ = i(r]^a - V^p) (45) 
just as in the free-field case (JHJ). On substituting (1551) into (1451) and (1441) one arrives at 

r M = V = ^~Y p (^ A % k p + G> P ) /5 p (46) 

and 

V d (A)m = (d^ l - - m) * = (47) 

where ft = k^ and f = F^s^ . It is important to notice that for the "dynamical" 
interaction the "minimal" replacement — > -D M = P M — is modified by 

P,-P,- 9 A,-^f = Z>,-^f. (48) 

The additional term —qk^f jlkp in this non-minimal replacement is nontrivial in the higher 
spin cases (s > 1) while in the lower spin cases (s = 0,1/2) it vanishes identically. In 
these cases the "dynamical" interaction coincides with the "minimal" coupling. This is 
investigated in much detail [23] . Note also that the substitution ( 148]) does not coincide 
with the formal replacement P M — > il M in Eq. ( 1351) . 



5.1 Local gauge invariance 

Having found the "dynamical" interaction as a result of the Lorentz-Poincare invariance 
(cf. Eqs. ( 1231) and (124"|) ). it is interesting to ask about the local gauge invariance. The 
usual way is to use the local gauge invariance to conjecture the field equation on the 
ground of Lorentz covariance. As a matter of fact, in the "dynamical" model the Lorentz 
typeness ( I2"4"|) yields the gauge covariance, i.e. the diagram 

m : A — ► m(A) 
gauge | | gauge J. gauge (49) 

W : A + dX -> ^ 9 (A + dX) = e~ iqX m{A) 

is commutative (here and in the following we skip the argument x for \1/). By virtue of 
Eq. (HOJ) one has 

V(A + dX) = e~ iqX ^(A) 

which implies ^ 9 = We conclude that for the "dynamical" model the relativistic 
covariance in Eq. (J3j) and the local gauge covariance are on equal footings. 
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According to the general idea of the invariance ([6]) it is clear that the "dynamical" 
interaction in Eq. (|47|) is gauge invariant under the transformation A — > A + d\, i.e. the 
diagram 

V d $> : A — ► V d (A)^(A) 

I I gauge | gauge (50) 

V d m : A + dX -»■ e-^ A P d (A)^(A) 

is commutative, 

P d (A + <9A)^(A + <9A) = e" i9A P d (A)^(A). 

It should be pointed out that the promotion of the local gauge invariance stands for the 
specified transformation A — > A + dX of the electromagnetic field only. The transformation 
^ — ► e~ tgX ty is a consequence of Eq. (1401) . Moreover, due to Eq. (117]) the gauge invariance 
does not determine the interaction uniquely and does not demand the minimal substitution 
only; rather the other principles of symmetry may be reconciled. 

For the physical quantities and F^ v in the model introduced before in Eqs. (|3Tj) 
and (1331 the external (unquantized) field is acting on the particle without reaction of the 
particle on the field. The identification of the elementary particle system with the Poincare 
group invariants in Eqs. ( 1361) and (138j) lead to the equations 

(P 2 - m 2 )i) = -> (IT 2 - m 2 )m = (D 2 - qF^S^ - m 2 )^ = 0, (51) 

(W 2 + m 2 s(s + l))^ = -> (tt 2 + m 2 s(s + 1)) * = 0. (52) 

These two equations must be satisfied by any field in the presence of the plane-wave field. 
As a consequence of Eq. floTl) the gyromagnetic factor is g = 2 and the Bargmann-Michel- 
Telegdi equation for the four-polarization vector of the particle takes its simplest form in 
the proper time frame of the particle |24j. 

6 The Rarita— Schwinger equation in the framework 
of a "dynamical" interaction 

The spin-3/2 field may be described entirely in terms of the vector-bispinor ^ correspond- 
ing to the representation of the proper Lorentz group 

(|, |) © ((§, 0) © (0, |)) = (l,§)© (|, l) © (|, 0) © (0, |) . (53) 

The transformation rule according to Eq. ([3]) is 

(t(A)V0„ (P) = A^(A)^(A-V) (54) 

where To (A) is the Dirac representation of the Lorentz group. The generators of the 
representation are 

V = _i£ V © Id + lp © = 

= « i-^Vnu + ® 1 D ~ Ky, ® 1 D + 77 lp ® 7^) (55) 
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where the indices P and D stand for the Proca and Dirac part of the direct product in 
Eq. (|53|) . Here the 16 matrices E^ u generate the Weyl's basis of the set of 4 x 4 matrices, 



[ten 



and e Mi , = — + E V}1 for the Lorentz generators of the vector representation. The 5*03 
decomposition of the representation (|53|) is 

2j d(3/2) 04jD (i/2). ( 56) 

Therefore, the representation of the Poincare group contains spins 3/2 and 1/2. The 
Pauli-Lubanski vector reads 

W, = ie wav (ep° ® 1 D + h P ® Yl u ) P u (57) 

and its root 

W 2 = -^P 2 + P 2 (E^ <g> llilv ) + P„P V {E^ ® 7 p7, + £ w ® 7.7p)- (58) 

Note that 

(W 2 ) 2 = -\p 2 {- 1 ^-P 2 + P 2 {E^® 1 , 1u ) + 

+ p m p"(£^ ® lplu ) + p m p-(p^ <g> lvlp ) + Ip 2 \ = 



/ s — 1 
-2s 2 P 2 H/ 2 + P 2 



(59) 



s=3/2 



is a pure spin-3/2 object which enables us to construct the Poincare covariant mass (m) and 
spin (j) projectors (j = 3/2, 1/2). The free spin-3/2 particle Rarita-Schwinger equation 
is given as 

{P vl v - m)^ = 0, (60) 
7^" = 0. (61) 

The other constraints 

(P 2 - m 2 )^ = 0, (62) 

P»V = (63) 

are a consequence of Eqs. fl60|) and fIBTl) . It is interesting to note that the static condi- 
tion fIBTl) and the dynamic condition fl6"3"|) together eliminate the spin-1/2 state completely, 
i.e. the equations 

(P 2 - m 2 )^ = 0, = P^ = 
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with transforming according to Eq. (1541 gives a theory for spin-3/2 states. 

Using the explicit form of W 2 in Eq. fl58|) it is easy to see that under the constraints flBTj) 
and ( l63l) we obtain 

W 2 ij = = s(s + l)P^\ g=3/2 . (64) 

Therefore, Eqs. (I60I) and (IBTI) describe indeed a single particle of mass m and spin 3/2. 

The "dynamical" interaction is obtained in the way described in Sec. 3. Taking into 
account the explicit form ( 1551) of the generators s^ Vl the transformation V in Eq. ( |34l) 
becomes 

V RS = ^{-^-j{AP-^A 2 )j(lp<iiD)x 

x W - i ( G - " 2l; (G2 »-) £ i s { lD + 5; G '"W ■ < 65 > 

A straightforward calculation yields 

- k^F pa (E^ ® 1 D ) - k^F pa (l P ® 7 p 7 CT ), 
V -> <V = -« + -r-GfJ) {tp ® Id) + 



-> ^ t = --^-e^ p(j r^P <J llp®ll D + 



2"^ 

g 2 g 2 A 2 



-(gA 2 - 2AP)A;V a (V/3 + f^"**) }{ e ^ ® ^ - ® 7V} + 



x {e al3 e XT <g> 11 D - le Q/3 ® 7 A 7 T - ^e Ar <g> 7 V + ® tVtV}- (66) 
The two Casimir invariants of the "dynamical" Poincare algebra are 

P 2 ^ n 2 = J D 2 -2^ CT {(P pCT ®l D ) + i(llp®7 (T )} (67) 
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and 



W 2 - Q 2 =(^ + (e^® lpa ^D 2 + 

+ 1 (-4(£ a/3 ® ljj) + e a " ® 7p/3 + e/ ® 7pa ) J D Q J D /3 + 
/g -fc r F" CT j - -(/i T/3 ® 7p(T ) + (/i Tp ® 7(j/3 ) + 



2k P { 2 

- 7fc/j(V ® 7«r) - ^ep CTa/ 3(e r a x 7 5 )| J D /3 + 

f 29 
+ igF^j - 16(£ pCT ® 1 D ) - — (1 P ® 7pCT ) + 

- 6(e Q CT ® 7pQ ) - 2e pCTa/3 (£ a/3 ® 7s ) | + 

-^-k a ^F'^{E a p® lp(T ) (68) 

where we used the abbreviations 7 M „ = 7 P 7^ and h^ u = E pv + E Vfl . Applying the operator 
Vrs to the Rarita-Schwinger equation one obtains 

(D^-m^-^ik^F^V* = 0, (69) 

7^ = (70) 

where *f>(x,A) = V(x,A)ip(x). 

The first equation is the true equation of motion containing all derivatives D^ a . The 
static constraint (1701) survives the "dynamical" interaction and eliminates all superfluous 
spin-1/2 components. As a consequence the other constraints are the Feynman-Gell-Mann 
equation 

{(p 2 -m 2 )r ] ^-2iqF^}^ f} = (71) 
and the kinematical constraint 

{D,-^-(F^ lpla )k,}^ = 0. (72) 

Note that as in the free case the "dynamical" interaction is algebraically consistent. More- 
over, the second order equation (1711) describes the causal propagation of waves (assuming 
the continuity of the first order derivatives of \&). 
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7 Conclusions 



Starting from the Lorentz-Poincare connection presented in Sec. 2, applied to physical 
states in Sec. 3, in this paper we constructed a non-minimal interaction by developing a 
field dependent algebra. For this purpose we introduced a transformation V based on a 
Lorentz type matrix V. We showed that the application of this transformation on the 
gauge field generates a gauge transformation. On the other hand, if a local gauge 
transformation is performed, the transformation V generates a phase transformation for 
the covariant fields. The difference to the standard procedure can be formulated as follows: 

In order to make quantum mechanics consistent with Maxwell equations, we usually 
have to impose the local gauge transformation given by the scheme 



motivated by the Lorentz-Poincare symmetry, where the "dynamical" extension D — > T> d 
is a minimal extension of the minimal coupling. 

Applying to the generalized Dirac equation for arbitrary spin we showed explicitly how 
the transformation V changes the minimal interaction to a non-minimal one. We applied 
the formalism to the Rarita-Schwinger equation and derived explicit expressions for the 
field-dependent generators of the algebra. 
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(73) 



In the "dynamical" model we have a chain of related transformations, 



rj}{x) -> ty(x,A + d\) 
V d (A + d\)V{x,A + d\) 



A^x) + d^\(x) 

e- iqX V{x,A) 

e- iqX V d (A)4>(x,A), 



(74) 
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